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Abstract: The problem of finding a class of functions for which the trapezoidal rule gives the exact value of the 
improper integral over the infinite interval (- cc, + co) is considered. Specifically, it is shown that, for an entire 
function of exponential type A, the trapezoidal rule with mesh size h < 27r/A gives the exact value of the improper 
integral over (- co, + cc). This is an improvement of Boas and Pollard’s result. 
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1. Introduction 
The present note is concerned with the problem of finding a class of functions for which the 
trapezoidal rule gives the exact value of the improper integral over the infinite interval 
(- CO, + co), i.e., there holds the equality: 
In 1973, a solution for this problem was offered by Boas and Pollard [3] as follows: 
Theorem 1. If a function f(x) satisfies the following 
(I) the improper integral 
.:?a j_RSfk) dx 
S++m 
exists; 
two conditions: 
(II) f(x) can be represented as the Fourier transform of an integrable function whose support is 
included in the interval [-A, + A]: 
f (x> = /:Ag(y) e-ixY dy, g(y) E L[ -A, +A], 
then the equality (1) holds for h < 271/A. 
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In this theorem, the condition (I) is an obvious necessary condition, and therefore only the 
condition (II) comes into question. In general, there seems to be no way of examining whether 
the function f(x) satisfies the condition (II) or not. So it is natural to ask for an alternative to 
the condition (II) which is more general and easier to examine. 
2. Main theorem and its proof 
The following theorem is proved in this note. 
Theorem 2. If a function f(x) satisfies the condition (I) and the following condition: 
(II’) f(x) is an entire function of exponential type A: 
then the equality (1) holds for h < 27r/A. 
This theorem is an improvement of Boas and Pollard’s, because, as is well known [l], the 
function which satisfies the condition (II) always satisfies the condition (II’) and because to 
examine the condition (II’) is comparatively easy. (A variety of theorems which are useful to 
verify the condition (II’) can be found in [l].) We here remark that the celebrated Paley-Wiener 
theorem [l] implies that, in the case where the function f(x) belongs to L*( - cc, + cc), the 
condition (II) is equivalent to the condition (II’); that is, the assumptions in Theorem 1 are 
equivalent to those in Theorem 2. 
Before we proceed to the proof of Theorem 2, we prove some lemmas. 
Lemma 3. Let f(x) be an entire function which satisfies the following inequality in the whole 
complex plane: 
If(z)1 Gg(IzI)eA’lmr’, 
where g(x) > 0 and g(x) converges to zero as x tends to infinity, and A is a constant. Then we have 
for any h c 27r/A. 
Proof. Let us consider the integral 
1 
i )) / R(K M Njf(z) cot(;z j dz, 
where R( K, M, N) is the rectangle consisting of the following line segments: 
I’,={z=x+yilx=(M+~)h,O<y<K}, 
r,= {z=x+yiJ(M+$)h ax> -(N++)h, y=K}, 
r,= {z=x+yi\x= -(N+:)h, K>,y>O}, 
I’,= {z=x+yi]x= -(N+:)h,O>,y>, -K}, 
I’,={z=x+yi\-(N+i)h<x~((M+:)h, y= -K}, 
I’,,= {z=x+yijx=(M+$)h, -K<y<O}, 
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where K is real, and M and N are integers. Using the method of residues to evaluate the contour 
integral, we get 
1 
i )) J R(K M Njf(Z) cot(+) dz = h 5 f(nh). 
n= -N 
Hence 
= J,+r+rf’;‘(‘+~cot(~z)j dz+~+r+rf(z)(-f+&ot(;z))dz 
I * 3 4 5 6 
Here we take sufficiently large K, M and N so that the value of g( 1 z I) over the rectangle 
R( K, M, N) is less than e, and estimate each of the integrals along c.‘s. As typical estimations, 
we show only the estimation of the integral along T, and that of the integral along r, in the 
following: 
dz 
= J 
(Mtl/2M+Klf(Z) 
(M+1/2)h 
exPLW 
-y((M+i)h+xi))l 
dx 
s 
K 
<c 
edA. 
O 
(2r rdx~‘i”‘x~((^-+) dx< (‘“’ ~), 
l+exp 7x -- 
h 
J r2 f(z~l-exp~-2Czjdz 
I 
= 
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J 
(M+1/2)h 
<r 
-(N+1/2)h 
<+f+N+ l)h ewW > 
exp 
In a similar way, we have the following estimates of the integrals along r,, r,, r, and r,: 
s “z)l_exp(I_~z)dz r3 
dz q(M+N+ 1)h 
exp( AK) 
exp 
J f(z)l_expl~z)dz r6 
Collecting these estimates and making K tend to infinity, we obtain 
Thus for any h < 2~r/A we have 
Lemma 4. Letf(x) b e an entire function of exponential type. If f ( x ) converges to zero as z tends to 
infinity along two straight half lines making an angle less than IT at the origin, then f(z) converges 
to zero uniformly in the whole angle between the two straight half lines. 
Proof. Lemma 4 follows immediately from the Phragmen-Lindelijf theorems, Theorems 1.4.2 
and 1.4.4 in [l]. 0 
Lemma 5. Let f (z) be an entire function of exponential type. If the improper integral off(x) over 
(-CO, -too) exists, then lim,,+,f(--S)=O and limR,+,f(R)=O. 
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Proof. Noting that F(x) = /o”f( t) d t is an entire function of 
Lemma 5 directly follows from Theorem 11.3.4 in [l]. 0 
Now we prove Theorem 2. 
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exponential type, we can see that 
Proof of Theorem 2. From Lemma 3, it suffices to show that for any 6 > 0, there holds the 
following inequality in the whole complex plane: 
[f(z)/ <g,( ]z]> e(A+8)‘rmrI, 
where gs( x) > 0 and gs( x) converges to zero as x tends to infinity. 
First, let us consider the function F(z) = ei(A+6)Z~(~) in th e I s quadrant. Since the function f’r t 
is an entire function of exponential type A (condition (II’)), F(z) is an entire function of 
exponential type 2 A + 6 and F(z) converges to zero as z tends to infinity along the imaginary 
axis: 
lim F(yi) = lim e-(A+6)yf(yi) = 0. 
y-++m y-++cc 
YER YGR 
Further, in view of Lemma 5, it follows from the conditions (I) and (II’) that F(z) converges to 
zero as z tends to infinity along the real axis: 
lim F(x) = 0. 
.X-+00 XGW 
Hence, by Lemma 4, the absolute value of I;(z) in the first quadrant is estimated as follows: 
IF(z)I ~&T,IwL 
where g,,,(x) > 0 and g,,,(x) converges to zero as x tends to infinity. That is to say, there holds 
the following inequality: 
1 f(z) I G g,,,( I z I> dA+‘)IIm ‘I, 
in the first quadrant. Similar arguments give the inequalities of the same type in the second, third 
and fourth quadrants. The desired inequality immediately follows from these inequalities. q 
3. Some remarks 
(a) As stated previously, it is almost trivial to see that Theorem 2 is stronger than Theorem 1. 
However, there remains the question whether the former is properly stronger than the latter or 
not. Up to now we can find no evidence which ensures us that the problem will be solved in the 
affirmative. This is left for the future investigation. 
(b) It is here proved that the family of entire functions of exponential type enjoy the beautiful 
equality (1). There seems to be nobody who will not make use of this fact to evaluate numerically 
the improper integral of an entire function of exponential type. However, we have no idea of how 
to make use of the equality (1) in the numerical calculation of its integral. It is also left for the 
future investigation. 
(c) A final remark is added on the results related to Theorems 1 and 2. So far we have 
considered the improper integral of a function only. It seems, however, that to verify the 
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existence of the improper integral is difficult, in general, while to verify that of the integral in the 
sense of the absolute convergence is comparatively easy. So it is natural to ask what kind of 
effect is produced if the condition (I) in Theorems 1 and 2 is replaced by the existence of the 
integral in the sense of the absolute convergence. To this question, an answer was given by Boas 
[2] as follows: 
“For a function f(x) which satisfies the condition (II) and belongs to L( - cc, + cc) the 
equality (1) holds with h < 27r/A.” 
For a function f(x) in L( - cc, + oo), the condition (II’) is equivalent to the condition (II) 
(Theorem 6.8.11 in [l]), and therefore Boas’ result above may be restated as follows: 
“For a function f(x) which satisfies the condition (II’) and belongs to L( - cc, + cc) the 
equality (1) holds with h < 27~/A.” 
That is to say, under the assumption that f(x) belongs to L( - cc, + cc), i.e., that the integral 
exists in the sense of the absolute convergence, a stronger assertion “the equality (1) holds not 
only for h < 21r/A but also for h = 2n/A” can be derived. Note that the conditions stated in 
Theorems 1 and 2 do not necessarily imply the equality (1) for h = 271/A. In fact, for 
f(x) = sin( x)/x and h = 2n, we have 
J 
+ O3 sin(x) +O” sin(2an) 
-cc 
Ydx(=+2T c 2,trn (=24. 
n=-CC 
Note added in proof 
Recently the problem mentioned in (a) in Section 3 has been solved affirmatively. That is, it 
can be proved that our theorem is properly stronger than Boas and Pollard’s. Details of the result 
will be reported in another paper. 
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